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Abstract 

The quantum Yang-Mills theory, describing a system of fields with non-dual 
(chromo-electric g) and dual (chromo-magnetic g) charges and revealing the gen- 
eralized dual symmetry, is developed by analogy with the Zwanziger formalism in 
QED. The renormalization group equations (RGEs) for pure nonabelian theories are 

analysed for both constants, a = g^/47r and a = g'^/'iir. The pure SU{3) x SU{3) 
gauge theory is investigated as an example. We consider not only monopoles, but 
also dyons. The behaviour of the total SU (3) /3-function is investigated in the whole 
region of a = a^: < a < cxd. It is shown that this /^-function is antisymmetric 
under the interchange a 1/a and is given by the well-known perturbative ex- 
pansion not only for a <^ 1, but also for a ^ 1. Using an idea of the Maximal 
Abelian Projection by t' Hooft, we have considered the formation of strings - the 
ANO flux tubes - in the Higgs model of scalar monopole (or dyon) fields. In this 
model we have constructed the behaviour of the /3-function in the vicinity of the 
point a = 1, where it acquires a zero value. Considering the phase transition points 
at a ~ 0.4 and a ~ 2.5, we give the explanation of the freezing of ag. The evolution 
of with energy scale /i and the behaviour of 14// (/x) are investigated for 

both, perturbative and non-perturbative regions of QCD. It was shown that the 
effective potential has a minimum, ensured by the dual sector of QCD. The gluon 
condensate Fq, corresponding to this minimum, is predicted: Fq ~ 0.15 GeV^, in 
agreement with the well-known results. 
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1 Introduction 



In the last years gauge theories essentially operate with the fundamental idea of duality 
[1-22]. 

Duality is a symmetry appearing in pure electrodynamics as invariance of the free 
Maxwell equations: 

VB = 0, VxE = -9oB, (1) 

V ■ E = 0, V X B = ^oE, (2) 
under the interchange of electric and magnetic fields: 

E^B, B^-E. (3) 

Letting 

F = d AA = -{d AB)*, (4) 

F* = dAB = {dAA)\ (5) 
we see that the equations of motion: 

dxFx^ = 0, (6) 

together with the Bianchi identity: 

dxF:^ = 0, (7) 

are equivalent to Eqs. (jT} and and show the invariance under the Hodge star operation 
on the field tensor: ^ 

Ffiu ~ 2^fiupaFpa- (8) 

This Hodge star duality, having a long history [1-21], does not hold in general for non- 
abelian theories. In abelian theory Maxwell's equation © is equivalent to the Bianchi 
identity for the dual field F*^, which guarantees the existence of a dual potential -B^ given 
by Eq. ©. 

In the nonabelian theory, one usually starts with a gauge field Fpy{x) derivable from 
a potential A^j,{x): 

Ff,u = d^A^{x) - df,A^{x) + ig[A^{x), A^{x)]. (9) 

Considering only gauge groups with the Lie algebra of SU{N), we have: 

A,{x)=t^Aj^{x), j = l,...,N^-l, (10) 

where P are the generators of SU (N) group. Equations of motion obtained by extremizing 
the corresponding action with respect to A^{x) gives: 

D^F'^'^ix) = 0, (11) 



1 



where is the covariant derivative defined as 

D^ = d,-tg[A^{x),...]. (12) 

The analogy to electromagnetism is still rather close. But Yang-Mills equation (jlip 
does not imply in general the existence of a potential for the corresponding dual field F^^. 
This Yang-Mills equation itself can no longer be interpreted as the Bianchi identity for 
F*i^{x), nor does it imply the existence of a dual potential A^{x) satisfying 

F;^{x) = d,A^{x) - d^A^ix) + ig[A^{x), A,{x)], (13) 

in parallel to This result means that the dual symmetry of the Yang-Mills theory 
under the Hodge star operation does not hold. So one has to seek a more general form of 
duality for nonabelian theories than the Hodge star operation on the field tensor. 

It was shown in [14-19] that the classical Yang-Mills theory i s symmetric under a 
generalized dual transform which reduces to the well-known electromagnetic duality of 
the abelian case. 



2 Loop space variables of nonabelian theories 

As in Refs. [14-21], we investigate the SU{N) nonabelian theories in terms of loop vari- 
ables. For usual (non-dual) sector we consider the path ordered exponentials with closed 
loops (see Fig. [l]): 



$(C) = Pexp 



tg (b A^iOde 



c 



Pexp 



27r 



A,{oeis)ds 



(14) 



where C is a parameterized closed loop with coordinates C,^{s) in the 4-dimensional space. 
The loop is parameterized by s: < s < 27r, and 



rf^^(s) 
ds 



We also consider the following unclosed loop variable [23]: 



'^'('Si, "S2) = Pexp 



S2 



A,ioeis)ds 



(15) 



(16) 



Therefore, $(C) = $(0,27r). 

For the dual sector we have (see Fig. |2I): 



^(C) = Pexp 



ig i A^{ri)dri'' 



c 



Pexp 



2tt 



i~g / A^{'n)f,^'{t)dt 



(17) 



where C is a parameterized closed loop in the dual sector with coordinates 'ri^{t) in the 
4-dimensional space, and the loop parameter is t: < t < 27r; 



dri^'it) 
dt 
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The unclosed loop variables in the dual sector are: 



t2 



(19) 



Therefore, $(C) = $(0,27r). Here standard and dual sectors have coupling constants g 
and g respectively. 

Considering (for simplicity of presentation) only gauge groups SU{N), we have 

vector-potentials and belonging to the adjoint representation of SU (N) and SU{N) 
groups: 

A^ix)=t^Al 4(x)=t^i^^, j = l,...,iV2-l. (20) 

As a result, we consider nonabelian theories having a doubling of symmetry from 
SU{N) to 

SU{N) X SU{N). (21) 

3 The nonabelian Zwanziger— type action and duality 



Following the idea of Zwanziger [24-26] (see also [27,28]) to describe symmetrically non 

1^ and Af, 



dual and dual abelian fields and A^, covariantly interacting with electric jj^^ and 



magnetic j^™^ currents respectively, we suggest to construct the generalized Zwanziger 
formalism for the pure nonabelian gauge theories, considering the following Zwanziger- 
type action: 

S = -|y"perfs{Tr(i?'^[e|s]i?^[e|.])+Tr(^'^[ek]E^[e|5]) 

+ ^Tr(E^[e|.]^i^)[e|.]) + .Tr(E'^[e|.]4^)[e|s])}r'(.) + ^,/. (22) 

Here we have used the Chan-Tsou variables [14-19]: 

E^[e|s] = $(s,0)F^[e|s]$-i(s,0), (23) 

where 



F.m = -t-\c((r)^^^^ (24) 



g d^f'is 

are the Polyakov variables [23]. 

The illustration for the quantities -F)([^|s] and £'^[^|s] is given by Fig. Eland Fig. HI 
considered in Refs. [14-19] (see also Appendix A). Using $, we have the analogous ex- 
pressions for -P)j[^|s] and i^^[^|s]. 

In Eq. fl22|l K is the normalization constant: 

/■27r 

K= / dsUs'^.d^'^is'), (25) 
Jo 

and Sgf is the gauge-fixing action: 

= I / veds [Miii . Af + MUi ■ Af] (26) 



which excludes ghosts in the theory [27]. Also we have used a generalized dual operation 
[14-19]: 

4'^[eN] = -|wr| Pr^^f/tc.(r^(t))E''[r^|t]a;-i(r^(t))77'^(t)77-^5(r^(t) (27) 

The last integral in Eq. ()27|1 is over all loops and over all points of each loop, and the 
factor uj{x) is just a rotational matrix allowing for the change of local frames between the 
two sets of variables. 

In the abelian case the expression ()27|) coincides with the Hodge star operation: 

■^^iu ~ '^^fJ.upaFpa^ (28) 

but for nonabelian theories they are different. 

From our Zwanziger-type action we have the following equations of motion: 

5E,m _ 6E,m _ 

Such a theory shows the invariance under the generalized dual operation (j^Tj), e.g. has a 
dual symmetry under the interchange: 

Ef, « E^, (30) 

where E^ is related with the generalized dual operation pTjl : 

E, = Elf\ (31) 

The regularization procedure considered in Refs. [14-19] leads to the following rela- 
tions (see Appendix A): 

limE,[^\s] = F,,ris), (32) 

e— >0 



However, 



hmE,m = F,U-'{s). (33) 
limEf [e|s]^-^e^,,.e.i^,., (34) 



\imm[^\s]j^l-e,,,^iJ,^, (35) 

showing that for nonabelian theories the reduction to the Hodge star operation does not 
go through. 
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4 The charge quantization condition 



Considering the Wilson operator: 



A{C) = Tr Pexp 



c 



(36) 



which measures the chromo-magnetic flux through C and creates the chromo-electric flux 
along C, and the dual operator: 



B{C) = Tr Pexp 



c 



(37) 



measuring the chromo-electric flux through C and creating the chromo-magnetic flux 
along C, we can use the t' Hooft commutation relation [29]: 



A{C)B{C)=B{C)A{C)e^v{^-^^ 



(38) 



where n is the number of times C winds around C and > 2 is for the gauge group 
SU{N). By this way, the authors of Refs. [14-19] have obtained the generalized charge 
quantization condition: 

gg = Ann, n & Z, (39) 

which is called the Dirac-Schwinger-Zwanziger (DSZ) relation. 

Using fine structure constants containing the elementary charges g and g (the case 
n = 1 in Eq. (j39|) ): 

we have the following charge quantization relation: 



aa = 1. 



(40) 
(41) 



5 Renormalization group equations and duality 

For pure nonabelian gauge theories, generalized duality gives a symmetry under the in- 
terchange: 

a, (42) 

or according to the relation ()41|1 : 

a ^ -. (43) 
a 

For the first time such a symmetry was considered by Montonen and Olive in Ref. [30]. 

In nonabelian theories with chromo-electric and chromo-magnetic charges, the 
derivatives d In a /dt and d In a /dt are only a function of the effective constants a and 
a, as in the Gell-Mann-Low theory [31]. Here 

*-ln(^), (44) 
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/i is the energy variable and M is the renormahzation scale. 

In Refs. [28, 32, 41] and in Appendix B it was shown that when we consider the 
both, chromo-electric and chromo-magnetic (non-dual and dual), charges we can write 
the following general expressions for /5-functions of the renormahzation group equations 
(RGEs): 

dlna(t) ^ _ dlna(t) ^ _ ^ 
dt dt 

where our (3{q) for a <^ 1 coincides with the perturbative /5-function, which is well- 
known in hterature, for example, for SU{'i) gauge theory. Eq. (jl^ is a consequence of 
the dual symmetry and the charge quantization condition valid for arbitrary t: 

a{t)a{t) = 1. (46) 

Here we see that the total /^-function: 

(3'^'°''''\a) = (3{a) - (3{a) (47) 

is antisymmetric under the interchange 

a a, or a ^ — , (48) 

a 

what means that /?*^*°*"')(q;) has a zero at the point a = a = 1: 

= a = 1) = 0. (49) 



6 An example of /3— function for the pure SU (3) colour 
gauge group (Part I) 

The investigation of gluondynamics - the pure SU (3) colour gauge theory - shows that 
at sufficiently small a < 1 the /3-function in the 3-loop approximation is given by the 
following series over a/Air [33]: 




where for gluondynamics we have: 

(3o = 11, A = 102, (32 = 1428.5, (51) 

and for QCD: 

P, = n-lNj, A = 102-|iV„ = 1428.5 - ^iV, + ^iVj. (52) 

It is very important that QCD shows a phenomenon of the freezing of a = at 
the point a ~ 0.4 (see Refs. [34-38]). This idea has an explanation by string formation: 
for as > 0.4 we have the confinement of chromo-electric charges by chromo-electric fiux 
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tubes - ANO strings [39,40]. Then the chromo-electric charge becomes almost unchanged, 
what means that in the region of confinement f3{as) ~ 0. Such a phenomenon also was 
considered in Ref. [41] and in the review [42]. 

For as > 0.4 we have the confinement of chromo-magnetic charges by chromo- 
magnetic ANO fiux tubes. 

Assuming the freezing of the QCD coupling constants, we have: 

p{a) = for a> 0.4, (53) 

and (by dual symmetry): 

P{a) = for a > 0.4. (54) 

Taking into account the condition aa = 1, we see that the value a = 0.4 corresponds 
to the point a = 2.5. As a result, the region of the confinement of chromo-electric and 
chromo-magnetic charges is given by the following requirement: 

f^l^^Ytotai) ^ Q 0.4 < a < 2.5. (55) 

The behaviour of /5'^*°*"')(a;), given by Eqs. (jSUl), and is shown in Fig. [T] for 

the case of the pure SU (3) x SU (3) gauge theory. 



7 The "abelization" of monopole vacuum in nonabelian 
gauge theories 

7.1 Maximal Abelian Projection method 

In the light of contemporary ideas of the abelization of SU{N) gauge theories [43,44] 
(see also the review [45] and Refs. [46-50]), it seems attractive to carry out the following 
speculations concerning to the behaviour of Z?*-*"*"'^ (a) in the vicinity of the point a = 1. 

As it follows from the lattice investigations of pure SU{3) theories [44], in some 
region of a > Ocon/, gauge field (J = 1,...8) makes up composite configurations 
of monopoles which form a monopole condensate creating strings between the chromo- 
electric charges, according to scenarios given in Refs. [1,2]. 

It is natural to think that the same configurations are created in the local SU{3) 
gauge theory and imagine them as the Higgs fields (j){x) of scalar chromo-magnetic monopoles. 
Such investigations (see Refs. [51-65]) were performed and their phenomenological pre- 
dictions are quite successful. 

In Ref. [43] t' Hooft developed a method of the Maximal Abelian Projection (MAP) 
suggested to consider such a gauge, in which monopole degrees of freedom, hidden in com- 
posite monopole configurations, become explicit and abelian. According to this method, 
scalar monopoles interact only with diagonal SU{3) components of gauge fields {A^Y^ 
(here i,j = 1,2,3 are color indices). Non-diagonal SU{3) components of gauge fields are 
suppressed and, as it was shown in Ref. [43] and [45-50], the interaction of monopoles 
with dual gluons is described by U{1)®U{1) subgroup of SU (3) group [43,46]. In general. 
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we have U{1)^~^ C SU{N) for SU{N) gauge theory and — 1 types of monopoles. In 
Appendix C we present the formal procedure for the Maximal Abelian Projection method 
in continuum SU{N) gluondynamics, following the review [45]. 

The vacuum abehzation oi SU{N) gauge theories is quite attractive to consider the 
behaviour of the SU{3) total /9-function in the vicinity of the point a — 1. 

According to the MAP, scalar monopoles are created in the non-perturbative region 
only by diagonal SU{3) components {A^y. of gauge fields and interact only with 

diagonal SU{3) components of gauge fields {Aij,)^. 

In the non-perturbative region, non-diagonal SU{3) and SU{3) components of 
gauge fields are suppressed and the interaction of monopoles with dual gluons is de- 
scribed by U{1) (X> U{1) (Cartan) subgroup of SU{3) group. These monopoles can be 
approximately described by the Higgs fields 0(a;) of scalar chromo-magnetic monopoles 
interacting with gauge fields A^. 

Recalling the generalized dual symmetry, we are forced to assume that similar com- 
posite configurations have to be produced by dual gauge fields A^, and described by the 
Higgs fields (f){x) of scalar chromo-electric "monopoles" interacting with gauge fields A^. 
The interaction of "monopoles" with gluons also is described by U{1) ^U{1) subgroup of 
SU{3) group. In general, we have N — 1 types of "monopoles" belonging to the subgroup 
C/(l)^-i C SU{N). 



7.2 SU (3) gauge theory: field equations for monopoles and dyons 

The generators of the Cartan subgroup are given by the following diagonal Gell-Mann 
matrices: 

t^^— and t^^Y' ^^^^ 

and in the non-perturbative region of SU (3) gauge theory we have the following equations 
for diagonal Ff^^,, and 0: 



d F 



J=3,i 



and 



where 



Q pj=3,i 



\9 



2^ 



3,8 



2 



v^4> - CDjy 



3,8 



2 
A3,^ 







and 'Df, = d^~ ig[A^, 



V^ = df,-ig[Af,,...] 
We can choose two independent abelian monopoles as: 

01 = and 02 = i4>)l, 

and two independent abehan scalar fields with electric charges as: 



(57) 

(58) 
(59) 

(60) 



01 = (0)i and 02 = (0) 



(61) 
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Considering the radiative corrections to the gluon propagator (see Fig. we see 
that both abehan monopoles 0i and 02 have the monopole charge g(MAP), however, both 
abehan "monopoles" 0i and 02 acquire the electric charge q^map)- It was shown in Ref. [61] 
(see also the review [42]) that, as a result of the averaging over MAPs, near the critical 
point we have the following approximate relation between the charge of the abelian scalar 
particle, belonging to the Cartan f/(l) x f/(l) algebra, and SU{N) coupling constant: 



N N+1 , , 

«^ ~ yy (62) 

In the case of SU (3) gauge theory, we have: 

3 , , 

"3 ~ —j^duiX), (63) 

what gives the following result: 

tt(MAP) ~ 0.5a and (y-{MAP) ~ 0.5a. (64) 

Using notations: 

fi^v^i = {Ff^uYi, = and a^,, = {A^)i, (65) 

we have the following equations valid into the non-perturbative region of QCD {i = 1,2): 

^uf^^u,^ = ^giMAP)[4>t'^fi4>i - (^^^0i)"^0i] , (66) 

and 

dJU, = \mAP)WV,^^ - (67) 

A dual symmetry of pure nonabelian theories leads to the natural assumption that in 
the non-perturbative region, not monopoles and "monopoles" , but dyons are responsible 
for the confinement. It was shown in Refs. [66-70] that color confinement in QCD is 
caused by dyon condensation: the QCD vacuum is a media of condensed dyons. Then the 
MAP method leads to the abelian Higgs model of dyons, which are described by united 
abelian scalar fields 0i,2,...Ar-i having simultaneously electric and magnetic charges, and 
we have the following field equations for each components i = 1,2, N — 1: 

dxfxfi,i = ig{MAP)[(ptl^f,(pi - iV^(j)iy(j)i], (68) 

and 

dxfl,, = i~g(MAP)[<Pt-D,<P. - (V^^^yU (69) 

where 

2 In -1 . . 

(X(MAP) (or a(MAP)) ~ j^i ^^ (°^ "^)- ('0) 

But the theory of dyons needs an additional investigation. 
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8 /3— function in the case of the pure SU(3) colour 
gauge group (Part II) 

8.1 /3— function of scalar electrodynamics 

In the case of scalar electrodynamics, which is an abelian (A) gauge theory, we have the 
following /^-function in the two-loop approximation [71-75]: 

ai^rn) / (em) \ 

For this abelian theory we have the Dirac relation: 

and the following RGEs for electric and magnetic fine structure constants: 

dt dt 

'l + 3- ^ + ... . (73) 



12n V 47r 

As it was shown in Ref. [28], the last RGEs can be considered simultaneously by 
perturbation theory only in the small region: 

0.2<a(^'"),a('^'") < 1. (74) 

These approximate inequalities are valid for all abelian theories. 

8.2 Phase transition couplings for scalar electrodynamics 

The behaviour of the effective fine structure constants was investigated in the vicinity 
of the phase transition point in compact lattice QED by the Monte Carlo simulation 
method [76-78]. The following result was obtained: 

"ir*f ~ 0.20 ± 0.015, a^it^^^ ~ 1-25 ± 0.10, (75) 

which is very close to the perturbative region ()74|) for constants a^^"^^ and a^^^\ Using 
the two-loop approximation for the effective potential in the Higgs model of dual scalar 
electrodynamics, we have obtained in Refs. [58-64] and [79] the following result: 

ai:? ^ 0.21, cii:? ^ 1.20. (76) 

These values also are very close to the above-mentioned region (|7^ of the abelian theory 
when both, dual and non-dual, charges are perturbative. 
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8.3 Freezing of a,^ 

According to results of the previous Subsection, our abelian monopoles (or dyons), arising 
in QCD as a result of MAP, have the following critical dual constant value: 

«[m^p) - 1-25, (77) 
what gives the beginning of the confinement region in SU{'i) gluondynamics (and QCD): 

We have received an explanation of the freezing value of a = a^. By dual symmetry, 
the end of the perturbative region for scalar field cf) is: 

aconf ~ 0.4, (79) 

what corresponds to 

02 = — ^ 2.5. (80) 

8.4 /5— function for the pure 5'[/(3) gauge theory 

The investigation, given by the previous Subsection, shows that in the region: 

0.4 < a, a < 2.5 (81) 

we have an abelian theory ("abelian dominance") with two scalar monopole fields 0i^2 
and two scalar electric fields 0i^2- The corresponding /5-functions are: 



d In q;(map)(^) _ dlna(MAP)(^) 
dt ~ dt 



Pa{0L{^MAP)) — (3A{ot{^MAP)) 



Oi{MAP) — Ol^MAP) A Oi^MAP) + Oi(^MAP) 

i T O ' T 



127r V 47r 

what gives the following /3-functions, according to Eq. (|M|l : 

dhiait) dlna(t) 



(82) 



dt dt 



f3A{a) - f3A{a) 



127r V 8^ 
valid in the region (jHT|) . In Eq. ()8H|) we have: 



a — a / a + a . , ^ 

1 + 3^^ + ... , (83) 



127r V 87r 

and 



PA{a)^^(l + 3^ + ...], (84) 



PA{a)^^(l + 3^ + ...]. (85) 
127r \ 87r 
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The behaviour of the total /3-function for the pure SU{3) x SU{3) colour gauge 
theory is given by Fig. where the curve 1 describes the contribution of usual gluons for 
a < 0.4 (see (a) of Fig. IH]), but a tail of corresponding to a > 2.5, is described 

by the curve 2, which presents loop contributions of diagrams in (b) of Fig. |H1 The curve 
1' describes the perturbative QCD /^-function with quark and gluon contributions. The 
curve 3 presents a sum of contributions of scalar "monopoles" given by function /?a(«), 
and scalar monopoles described by function — /^^(l/a). Both of them exist in the non- 
perturbative region of gluondynamics, or QCD. The critical points: ai ~ 0.4 and a2 ~ 2.5 
also are shown in Fig. [3 Of course, we do not know the behaviour of the total /3-function 
near the phase transition points. But these points explain an approximate freezing of a 
in the region ()81|) . where both charges, chromo-electric and chromo-magnetic ones, are 
confined. Chromo-electric strings exist for a > 0.4, and chromo-magnetic ones exist for 
a < 2.5. The region of strings is shown in Fig. [3 Also we see that the total /^-function 

has a zero at the point a = a = 1, predicted by our SU{3) x SU{3) gauge theory. The 
behaviour of the total /9-function, given by Fig. [3 is valid in the case of dyons, for which 
we have the same RGEs. 

The ideas of Refs. [19,20] are also valid in the case of the Family replicated gauge 
group models (see, for example, Refs. [80,81] and the review [82,83]), where magnetic 
charges of monopoles (or dyons) are essentially diminished in comparison with those of 
the SM. We have left these models for future investigations. 

In the pure SU (3) x SU{3) gauge theory there is no region of a when the perturbative 
expansions over g and g exist simultaneously: when the non-dual sector is unconfined, 
then the dual sector is entirely confined and vice versa. Such a situation takes place also 
in the case of non-abelian theories with matter fields. 



9 Nonabelian theories with matter fields 

Let us consider now nonabelian theories with matter fields having charge ng, or dual 
charge ng (monopoles), or both of them (dyons). 

If a surface S in spacetime is parameterized as a closed loop in loop space, then via 
Eq. (jlH) it corresponds to a closed loop Fs in the gauge group Gg. We say that the surface 
E encloses a monopole if F^ is in a non-trivial homotopy class of Gg. This generalizes 
the Dirac magnetic monopole [84] to the nonabelian case. 

If matter fields, both non-dual and dual, exist in the nonabelian gauge theory, then 
a total system of fields is described by the action having the following structure: 

g(totai) = g _^ g^^^ _^ S(^d.m.), (86) 

where S is the Zwanziger-type action for gauge fields, S^m) is an action of matter 
fields, and S(^ii.m.) describes dual matter fields (monopoles). For dyons we have: 

S(i"i^i) = S + Sd, (87) 
where So is an action of dyon matter fields. Then (apart of dyons): 

gitotal) _ g{n/d) ^ g^^^ ^ ^ (gg^ 
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and 

gitotal) ^ gid) ^ ^^^^^ ^ > (gg) 

where S(^n/d,d) are non-dual and dual actions of gauge fields. 

Nonabelian theories, revealing the (generalized) dual symmetry, have the following 
properties: 

1. Monopoles of Afj_ are charges of A^, and "monopoles" of are charges of A^. 

2. If monopoles, as well as the charged particles, are Dirac fermions, then they are 
described by the Dirac Lagrangians: 

L(m) = 1p'y^,iiD^ - m)'4j, (90) 



L(d.m.) = Xlf.i'iD^ - m)x, (91) 
where covariant derivatives and are given by Eqs. ()59|1 . 
The action of matter fields is: 

S(m) or (d.m.) = J d'^xL(^rn) OT (d.m.)- (92) 

3. Charged particles and monopoles can be the Klein-Gordon complex scalars: 

L^m) = ^[\D^<pf-m'\<P\% (93) 

L^d.m.) = l[\D,^\'-rh'\^\\ (94) 



or Higgs scalars: 



where 



and 



Lim) = l[\D,<l)f-Um], (95) 
L^d.m.) = l[\D,^f-Um]. (96) 
Um = l^'\<l>f + ^\<P\\ (97) 



Um = lrh'\4>f + j\4>C (9^ 



are the Higgs potentials. 

All these matter fields can belong to different (for example, fundamental or ad- 
joint) representations of SU{N) group. In Refs. [14-19] monopoles belong to the 
fundamental representation of SU{N). 
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For dyons - particles having both, electric and magnetic, charges simultaneously - 
we have in Eqs. (I9()II98|) : 

= ;^"P (99) 

and 

0'^^' = (100) 

where a,p are non-dual and dual indices of the SU{N) and SU{N) representations 
respectively. 

4. The charges of matter fields and Qm satisfy the charge quantization condition: 

9mgm = 4?™, ne Z, (101) 

if matter fields belong to the adjoint representation of SU{N) group. The Dirac 
relation: 

gmgm = 27in, ne Z, (102) 

takes place for matter fields transforming according to fundamental representations 
(see Ref. [12,13]). In general, we always have the following condition: 

a{fi)a{fi) = const, (103) 

which is valid at arbitrary energies /i. 

We have no dual fundamental matter fields in the SM. No experimental indications 
for any (abelian or non-abelian) fundamental monopoles or dyons. May be they exist at 
high energy scales. 

Considering QCD, we have quarks belonging to the triplet representation of SU{3) 

colour gauge group, but light monopoles, belonging to the triplet representation of SU{3), 
are experimentally absent. By this reason, we have no dual symmetry for the total QCD. 
There exists only a dual symmetry of its gauge field part. The total QCD /^-function 
is presented by curves 1', 2 and 3 of Fig. [7| instead of curves 1, 2, 3 describing by 
gluondynamics. 



10 Running (/i) 

Considering Eq. ()45j) for QCD regions 1', 2 and 3 of Fig. [3 we obtain the following results. 
1. For the region 1' we have: 

^=/J(a.). (104) 

where /9(a) (a = as) is given by Eqs. (j50|l and (j52|) with Nf = 3, 4, 5 up to the point 
H = Mz- The solution of Eq. ()1()4|1 in the 3-loop approximation has the following 
expression (see for example [85,86]): 

(/i) = (fiji) + ^t + X, In for a < 0.4, (105) 

4:71 a ^{fiR) + Ai 
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where is the renormahzation point and: 



1 /3i 



(106) 



2. For the region 2 we have: 



dlna;(t) 
dt 



-/3(a) = -(3{l/a) 



(107) 



where /?(«) is given by Eqs. (jKn|l and (jHTjl . The solution of this equation gives the 
following behaviour: 



An a ^{fiR) + A 



for 



a > 2.5, 



(10^ 



where /3o and Ai correspond to Nj = 0. 



3. For the region 3 of Fig. Q we have Eq. (jH!^ . calculated according to the MAP- 
method. Curve 3 describes a sum of contributions of scalar monopoles given by 
/3a(«), and scalar "monopoles" given by — /^^(l/a). 

The results of all these solutions (also valid for dyons) are presented by Fig. IHl for 
the evolution of a~^{fi). The value fip ~ 1.2 GeV, shown in Fig. IHl corresponds to the 
end of perturbation region 1' (or 1) and the beginning of confinement region 3. In the 
non-perturbation region 3, we have a solution given by solid curve 3 of Fig. El which 
approaches the point ^^(/i) = 1 when /i ^ 0, and we see a rapid decrease of a~^(/i) near 
1. 

It seems that solutions presented in Fig. IHl by thin curves, which correspond to the 
region 2 and second part of the region 3 of Fig. [7J are not realized in QCD: they describe 
the running of inverse a. We see that the dual part of QCD does not play an essential 
role in the formation of QCD vacuum: mainly monopoles, or magnetic part of dyons, 
participate in the formation of electric "strings" - ANO flux tubes, although solid curves 
3 of Fig. Eland Fig. IHl present the contributions of both parts, electric and magnetic ones. 

As it was shown in Refs. [87-89] (and developed in Refs. [85,86]), the QCD effective 
Lagrangian is given by the following expression: 



1677 



where 



[.J=l,2,..i 



This Lagrangian contains the effective fine structure constant: 



«e//(F' 



9!fl 

4:71 ' 



(109) 



:iio) 



which in general is a complicated nonlinear function of gluon fields. In the perturba- 
tive region aeff^F"^) coincides with the running of Ue/fifJ,), where = (/i GeV)"^ (see 
Refs. [85-89]). But in the non-perturbative region we have a nontrivial situation: for 
asymptotically free theories the maximum of the effective action (e.g. minimum of the 
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effective potential) already does not correspond to the classical vacuum with F"^ = 0. The 
quantum ffuctuations lead to the formation of a gluon condensate (QCD vacuum). In our 
approach the gluon condensate Fq = {n^ond GeV)^ corresponds to the maximal value of 
Us equal to 1. By this reason, we suppose that the variable F"^ is not given by /i^ in the 
non-perturbation region. Instead of /i, it is natural to consider the following variable: 

= /^ + /^cond ~ (Ill) 
r 

which determines distances r, and we have: 

F^ = GeV)^ (112) 

The nature of gluon condensate was investigated in a lot of papers (for example, very 
interesting considerations were given in Refs. [90,91]). 

The value of gluon condensate was estimated in Refs. [92-94]: 

(t^^o ) ~ 0.012 GeV\ (113) 



\47r' 

For our case = 1, and we have: 

F^ ^ 0.15 GeV^ (114) 

or 

^ 0.62 GeV. (115) 

The behaviour of inversed a(/i) presented in Fig. IHl shows that in the region 3 given by 
solid curve we have: 

a -0.45 ±0.05, (116) 
e.g. almost unchanged ("freezing") a for a wide interval of /i*: 

0.72 GeV <IJ*< 1.82 GeV. (117) 

We see that QCD, including its dual sector, acquires a new comprehension. 



11 The effective potential in QCD 

The perturbative effective potential is given by the following expression (see Refs. [85-89]): 



Veff = ''^1^'^ ' F'' with F' = {fi GeV)^ (118) 

However, this expression is not valid in the non-perturbative region, because the non- 
perturbative vacuum contains a condensation of chromo-magnetic flux tubes, according 
to so called "spaghetti vacuum" by Nielsen-Olesen [95]. By this reason, we subtract the 
contribution of "strings", determined by the gluon condensate Fq, from the expression 
(HIHD: 



a. 



2^ 



eff (^^K2 ^effiF0J^2 



V,ff = ^U—F^ - ^n^^Fl (119) 
167r 167r °' ^ ^ 
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using F2 = {jj* GeV)\ 

The behaviour of the effective potential Ve//(-F^) is given by Fig. ^1 and we see: 
The QCD effective potential shows a sharp minimum in the deep non-perturbative region 
(at the point F"^ = Fq = 0.15 GeV^). This minimum points out the existence of the 
(unexpected) first order phase transition in QCD at the point fJ'*and ~ 0-62 GeV. 



12 Conclusions 

In the present paper we have obtained the following results: 

1. The Zwanziger-type action can be constructed for nonabelian theories revealing 
the generalized dual symmetry. In the abelian limit this action corresponds to 
the Zwanziger formalism for quantum electro-magneto dynamics (QEMD). It was 
emphasized that although the generalized dual transformation is rather complicated, 
it is explicit in terms of loop space variables. 

2. We have shown that the Zwanziger-type action confirms the invariance under the 
interchange: 

1 

a ^ a = —. 

a 

3. Such a symmetry leads to the generalized renormalization group equations: 

iii^ = -^=,a(a)-,a(a) = 3(-)(a.), 

where Z?*^*"*"'^ (a) is the total /5-function, antisymmetric under the interchange: 

1 

a <->■ a, or — 

a 

for pure nonabelian theories. 

4. We have applied the method of Maximal Abelian Projection (MAP) by t' Hooft 
to the pure SU{3) gauge theory with aim to describe the behaviour of the total 
/3-function in the region < a, a < oo. 

5. We have shown that as a result of the dual symmetry and MAP /3(*°*"')(a) has a 
zero at a = a = 1 ( 'fixed point"): 

pitotai)^^ = a = 1) = 0. 

6. At the first step, we have considered the existence of the — 1 Higgs abelian scalar 
monopole fields (f>i^2,...,N-i and A^ — 1 Higgs abelian scalar electric fields 0i,2,...,Ar-i 

in the non-perturbative region of pure nonabelian SU (N) x SU (N) gauge theories. 
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7. At the second step, we have assumed that a generahzed dual symmetry naturally 
leads to the existence of the Higgs scalar dyon fields 4>i,2,...,n-i, which are created 

by non-perturbative effects of the SU{N) x SU{N) gluondynamics. These abelian 
dyons have both (electric and magnetic) charges, and describe the total /3-function 
in the following non-perturbative region: 

0.4 < a < 2.5, 

which explains the freezing of as in QCD. 

8. We also discussed the case of nonabelian theories with matter fields, which in general 
have no dual symmetry. 

9. We have investigated the running of a~^{fi) in the perturbative and non-perturbative 
regions of /x. 

10. We have calculated the value of the gluon condensate: Fq ^ 0.15 GeV^, in accord 
with the well-known result, given by literature. 

11. We have presented the behaviour of the QCD effective potential as a function of 
F^, having a sharp minimum in the non-perturbative region. This minimum, cor- 
responding to the gluon condensate, prompts the existence of the first order phase 
transition in QCD. 
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Appendix A: The regularization procedure 

With aim to understand the difference between the quantities -^/^['Cl'S] and it is 

convenient to give some explanations, coming from Refs. [14-19]. The new variables 
-E'^[,^|s] are not gauge invariant like F^[,^|s]. But in spite of this inconvenient property, 
the variables i?^[^|s] are more useful for studying the generalized duality. They can be 
represented as the bold curve in Fig.HJwhere the phase factors $g(s, 0) cancel parts of the 
faint curve representing F^[^|s]. The loop derivative considered in this paper is defined 

= ,i„, (A.1) 
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where 

^'' = ^\s') + A6'^6is-s'). (A.2) 

The 5-function 6{s — s') is a bump function centred at s with width e = s+ — s_ (see 
Fig. H}. In contrast to F^[^|s], the quantity i?^[^|s] depends only on a "segment" of the 
loop C,^{s) from s_ to s+. The regularization of 5-function is necessary for the definition of 
loop derivatives used in this theory. The quantities constrained by the condition: 

™-^ = 0, (A.3) 

*e iff • ^ ' 

constitute a set of the curl-free variables valid for the description of nonabelian theories 
revealing properties of the generalized dual symmetry. 



Appendix B: Renormalization group equation for non- 
dual and dual coupling constants 

The renormalization group (RG) describes an independence of a theory and its couplings 
on an arbitrary scale parameter M. We are interested in RG applied to the effective 
potential depending on scalar field (p. The renormalization group equation (RGE) for the 
effective potential means that the potential cannot depend on a change in the arbitrary 
renormalization scale parameter M: 



dM ■ 



(B.l) 



The effects of changing it are absorbed into changes in the coupling constants, masses and 
fields, giving so-called running quantities. Knowing the dependence on is equivalent to 
knowing the dependence on 0^. This dependence is given by RGE. Considering the RGE 
improvement of the potential, we follow the approach by Coleman and Weinberg [97] 
(see also the review [98]) for scalar electrodynamics and its extension to the massive 
theory [99]. Here we have the difference between the scalar electrodynamics [97] and 
scalar QuantumElectroMagnetoDynamics (QEMD) when we have scalar particles with 
electric charge e and scalars with magnetic charge g. 

RGE for the improved one-loop effective potential can be given in QEMD by the 
following expression: 

where the function 7 is the anomalous dimension: 



RGE ()B.2|1 leads to a new improved effective potential [97]: 



Veffm = lml,nit)G\t)<P' + \Kenit)G\t)<P\ (B.4) 
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where 

ft 



G{t) = exp 



dt''y{gren{t'),Ken{t')) 







2 

Eq. ()B.2|) reproduces also a set of ordinary differential equations: 

dX 



(B.5) 



dt 

dm: 



(3x{9ren{t),Xren{t)), (B.6) 



ren ^2 



(i In Cren d In (/ren 



m,.enit)P(ni2)igrenit), Xrenit)), (B.7) 



= Pe{gren{t), Xren{t)) - Pg{gren{t), Xren{t)) = (B.8) 

where t = ln(0^/M^), and the subscript "ren" means the "renormalized" quantity. 

The last equation ()B.8|1 is obtained with the help of the Dirac relation eg = 27m 
{n G Z) for minimal charges when eg = 2tt. Indeed, in Eq. (IB.2|) : 

o 9 o 9 ^ d ^de d / ^ f 2n\\ d 

'^^We + '^'d-g = '^'d-e + ^^^^5^ = ['^' + V7 ) ) 0^ 

-(/^e-/5.)^^/5^--)^, (B.9) 

where 

Using fine structure constants 

a = — , a = — , (B.ll) 
47r Air ^ ' 

we obtain Eq. ()45j) given in Section 5. But for abelian theories we have aa = 1/4. 

Eq. ()45|1 takes place also for nonabelian theories with charge quantization condition 
gg = Airn {n G Z) giving aa = 1. 

Appendix C: Abelian projection method 

In this Appendix we present the method of the Maximal Abelian Projection (MAP) by 
G. t' Hooft [43], following the review [45]. 

For any composite field X (for example, F^,^) transforming as an adjoint represen- 
tation 

X X' = VXV~\ (C.l) 
we can find the specific unitary matrix V (the gauge), where X is diagonal: 

X' = VXV-^ = diag{Xi, As, ...A^). (C.2) 
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For X from the Lie algebra of SU{N), one can choose Ai < A2 < A3 < ...Aat. It is clear 
that V is determined up to the left multiplication by a diagonal SU{N), which belongs 
to the Cartan (or largest abelian) subgroup of SU{N): 

U{lf-^ C SU{N). (C.3) 

Now we transform A^, according to the gauge ()C.2|) : 



A^ = V (^A^ + '-d^j (C.4) 

and consider the transformations of under f/(l)^~^. The diagonal components 

a;^(i^)i = 1,2,3) (C.5) 

transform as "photons": 

< ^ < = < + (C.6) 

while nondiagonal, = A^, transform as charged fields: 

C';^ = explzia, - a,)]Ci^ . (C.7) 

By 't Hooft remarks [43], this is not the whole story: there appear singularities due 
to a possible coincidence of two or more eigenvalues Aj, which leads to the existence of 
monopoles. To make it explicit, let us consider (as in [43]) the "photon" field strength: 

fL = - d,a' 



= VF^,V-' + ig 
and define the monopole current: 

= ^e,.p.9./;., d,K; = 0. (C.9) 

Since is regular, the only singularity giving rise to is the commutator term in ()C.8|) . 
otherwise the smooth part of does not contribute to K^^ because of the antisymmetric 
tensor. 

Hence one can define the magnetic charge m*(f2) in the 3d region Q: 

m\n)= [ £a,Kl = ^ [ d'a,,E,,,j;^. (C.IO) 
Jn Jan 

Let us consider now the situation when two eigenvalues of ()(I2|1 coincide, e.g. Ai = A2. 
This may happen at one 3d point in f2, x^^\ i.e. on the line in the Ad, which one can 



(C. 
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visualize as the magnetic monopole world line. The contribution to m*(fi) comes only 
from the infinitesimal neighbourhood of x^^^: 

m^(E,(x«)) = ^[ d^cT^ue^up.[VdpV-\Vd^V~'].. 

= -i^J d'cT,^e,^,^d,[Vd^V%. (C.ll) 

The term Vd„V~^ is singular and should be treated with care. To make it explicit, one 
can write: 

^ 1^ cosi^ + iae^sinf 0^^ ^^^^2) 

where is a smooth SU{N) function near x^^\ Inserting it in ()(y.lljl . one obtains: 

m^(5,(x(i))) = ^ [ d^a^uS^^upadpil - cos 9) d„(l)[a3]ii, (C.13) 

where and 6 are azimuthal and polar angles. The integrand in ()C.13|1 is a Jacobian 
displaying a mapping from S'^{x^^^) to (6', 0) ~ SU{2) /U{1). Since 

the magnetic charge is m* = 0, ±1/2, ±1, ... 

From the derivation above it is clear, that the point x = x^^\ where Ai(a;'^^)) = 
X2{x^^^), is a singular point of the gauge transformed and a^, and the latter behaves 
near x = x^^^ as 0(l/|x — x^^^\), and abehan projected field strength /*^, is 0(l/|x — 
x'-^-'P), similar to the magnetic field of a point-like magnetic monopole. However, several 
properties should be stressed now: 

1. The original vector potential and F^jy are smooth and do not show any singular 
behaviour. 

2. At large distances /^^ is not, generally speaking, monopole-like, i.e. does not de- 
crease as l/\x — x^^^l"^, so that similarity to the magnetic monopole (its topological 
properties) can be seen only in the vicinity of the singular point a;*-^-*. 

3. In general, monopoles considered by MAP-method have nothing to do with classi- 
cal solutions: MAP-monopoles are quantum fiuctuations of gluon fields. Actually 
almost any field distribution in the vacuum may be abelian projected into a^, /^^, 
and then magnetic monopoles can be detected. 
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Fig. 1: The closed loop C with coordinates i^{s) and loop parameter s: < s < 27r. 
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Fig. 2: The closed loop C with coordinates r]^{t) and loop parameter t: < t < 27r. 
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Fig. 3: The illustration of the quantity F^[^|s]. 



31 




Fig. 4: The illustration of the quantity 
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Fig. 5: The perturbative /5-functions of the pure SU{3) x SU{3) color gauge theory: (3 (a) 
- curve 1, and — = — /3(l/a) - curve 2. 
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(a) <P 




Fig. 6: The one-loop corrections: (a) from electric "monopoles" to the gluon propagator, 
and (b) from monopoles to the dual gluon propagator. 
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Fig. 7: The total /3-function for QCD and pure SU{3) x SU (3) color gauge theory (glu- 
ondynamics) : (i) Curve 1 describes the perturbative /3-function, corresponding to contri- 
butions of usual gluons, presented in (a) of Fig. |H1 (ii) Curve 1' corresponds to the per- 
turbative QCD /^-function (with quark and gluon contributions), (iii) Curve 2 describes 
the perturbative /3-function, corresponding to contributions of dual gluons, presented 
by (b) of Fig. |H| (iv) Curve 3 describes a sum of contributions of scalar "monopoles" , 
given by and scalar monopoles, given by — /3yi(l/Q;). Both of them exist in the 

non-perturbative region of gluondynamics, or QCD. The critical points: ai ~ 0.4 and 
a2 ~ 2.5, and regions of the existence of chromo-electric (for a > 0.4) and chromo- 
magnetic (for a < 2.5) strings (ANO flux-tubes) are also shown in this figure. The total 
/^-function has a zero at the point a = a = 1, predicted by our model. 
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(a) Renormalized gluon propagator for a << 1 (a >> 1): 



<wwwv = 
<wwwv 



AA/WWV 





(b) Renormalized gluon propagator for a >> 1 (a << 1): 



<wv/ww — 



<WVWW\» ' 'WWWW«' •jAAWWV ' 'WWWI*' BkAAAAA/^ CtAA/WW 



+ . 



"WWW^ -# 



V -•kAAAAAA/ ■ '\AAAAA/>#-- 



--#kAAAAAA/ 



+ . . . 



Where 



propagator <A^ A^> of gluon 
propagator <A^ A^> of dual gluon A^ 
"metamorphosic" propagator <A^ A^> 



Fig. 8: The loop contributions to the gluon propagator (without matter fields): (a) the 
contributions from usual gluons, and (b) the contributions from dual gluons. 
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Fig. 9: The evolution of the inversed = as{fi). A sohd curve corresponds to the 

curve 1' and first part of region 3 of Fig. A thin curve corresponds to the region 2 and 
second part of the same region 3 of Fig.d The solutions, presented by this curve, are not 
realized in QCD: they describe the evolution of the inversed a. In the non-perturbative 
region, the solid curve 3 approaches to the point a(0) = 1. We see the sharp decreasing 
of near this point. 
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